We study a generalization of the Langevin equation, that describes fluctuations, of commuting degrees of freedom, for scalar field theories with worldvolumes of arbitrary dimension, following Parisi and Sourlas and correspondingly generalizes the Nicolai map. Supersymmetry appears inevitably, as defining the consistent closure of system+fluctuations and it can be probed by the identities satisfied by the correlation functions of the noise fields, sampled by the action of the commuting fields. This can be done effectively, through numerical simulations.
Introduction
The Langevin equation
describes the equilibrium fluctuations of a physical system, defined by the, commuting, field(s) φ(τ ), in contact with a "bath", defined by the, commuting, field(s) η(τ ). The properties of the field(s) η(τ ) are assumed known and the Langevin equation provides the map that allows the computation of the correlation functions, φ(τ 1 ) · · · φ(τ n ) , given the correlation functions, η(τ 1 ) · · · η(τ n ) . The mapping expresses the fact that the system is consistently closed and takes into account the "backreaction" of the system on the bath, if the bath is assumed to be described by a normalizable partition function, that can be taken to be a universal-non-zero-constant, whose value can be set to 1, by a choice of units. The typical case is that of white noise:
with the other correlation functions deduced from Wick's theorem. Other noise distributions are, of course, possible-"colored noise", in particular, where the 2-point function isn't ultralocal, has been studied for many applications-though many issues pertaining to it remain to be elucidated and are the topic of current research. It should be stressed that, depending on the physical meaning ascribed to the parameter, ν, this framework describes quantum fluctuations (if ν = ), thermal fluctuations (if ν = k B T ) or fluctuations due to disorder, if ν is the strength of the disorder.
In the above expressions, τ labels the worldvolume, that's, therefore, one-dimensional. This means, that there's just one "bath", in which the physical system of interest is immersed.
The partition function of the noise, that describes these correlation functions, is given by the expression
and the corresponding partition function for the field(s) φ(τ ) by the expression, through a change of variables
where we have introduced the subscript "L" to highlight that Z L is deduced from the Langevin equation, while the subscript "QM" highlights that the partition function Z QM is the (Euclidian) partition function we write down when studying the physical system in the "canonical" ensemble. We shall use terminology appropriate to statistical mechanics and Euclidian quantum field theory. These expressions define what it means that the physical system is in equilibrium with the fluctuations of the "bath" and, therefore, that the system + fluctuations is consistently closed. These statements rely on the properties of the potential-that it is bounded from below and confines sufficiently rapidly at infinity for the partition function(s) to exist and the corresponding correlation functions to be well-defined. These conditions are necessary for lattice formulations to have a chance of leading to scaling limits. How to describe the case of a potential that describes scattering states remains to be elucidated. We would like to explore a generalization to higher-dimensional worldvolumes. The reason this is interesting is that this is how field theories, that involve an infinite (and, typically, an indefinite) number of particles, can be described. A particularly interesting subclass are relativistic field theories, since it's known [1] that it isn't possible to describe a fixed number of particles in interaction in a way that is consistent with Lorentz invariance (integrable theories, that are the, apparent, exception, are, of course, free theories in disguise: the interaction, in this case, is a coordinate artifact in the space of fields.)
One such approach consists in replacing eq. (1) by the following expression
In this expression u A , with A = 1, 2, . . . , d, are the coordinates of the worldvolume and the noise field, η(u), is taken to describe a white noise process, with correlation functions given by eq. (2) and partition function by eq. (3), with τ replaced by the u A . When we replace η(u) in the corresponding expression for the partition function, we remark that, if we take the σ A as the generators of the Clifford algebra,
where we're working in Euclidian signature, then we are, naturally, led to studying theories with as many scalar fields, φ(u), as the size of the representation of the σ matrices. The simplest case is that of d = 2, with the σ as the Pauli matrices-then two scalar fields are required and there are two noise fields, as well. If d = 4, then the corresponding matrices would be the Dirac γ−matrices; however this representation is reducible and can be expressed in terms of the Pauli matrices, also-the issues that arise are, whether the fermions can be taken to be Majorana, Weyl or both; and the answer depends on the spacetime dimension and the signature, Lorentzian or Euclidian. We shall work in Euclidian signature. The expression of the LHS of eq. (5) is driven by well-defined problems in mind, but is sufficiently flexible for leading to interesting computational strategies, whatever the specific problem.
The chief motivation for choosing that the σ A satisfy eq. (6) is because, in this way, the worldvolume is invariant under (global) rotations, in Euclidian signature-that can be identified with Lorentz transformations, in Minkowski signature-and the fields transform in the appropriate representations, also.
This was studied in ref. [2] , but there is much more work that remains to be done, following their insights-and later work hasn't elaborated on whether taking into account the fermions in the indirect way proposed by Parisi and Sourlas was, indeed, feasible. What distracted from it was its identification with the dimensional reduction, that was quite quickly found to be of limited validity. The object of the present contribution is to show that the original idea of Parisi and Sourlas can, indeed, be realized in a computationally well-defined way for studying the lattice actions of fermionic fields, on flat worldvolumes of arbitrary dimension, in terms of the lattice actions of their bosonic superpartners in an exact way, thereby extending the work on quantum mechanics, the theory of fields on one-dimensional worldvolumes [3] . What is important to keep in mind is that the backreaction of the physical degrees of freedom on the bath can't be neglected.
In ref. [3] we showed by numerical simulations that the correlation functions of the scalar, computed with Z L and Z QM , were the same and equal to the correlation functions of the d = 1, maximally supersymmetric Wess-Zumino model. Here we wish to consider an infinite number of scalars, coupled as per eq. (5). The question we would like to address is, whether, in this case, also, it's possible to describe Z L and the corresponding Z SUSY by the partition function, Z QM , of the theory of scalar fields, if we study the correlation functions of the noise field(s), that define the generalization of the Nicolai map [4] 
In particular, we would like to understand how the backreaction of the scalar(s) on the bath is realized. For the absolute value of the Jacobian can be written as follows:
where the partition function Z SUSY defines a classical action, that's invariant under supersymmetric transformations: transformations that map the commuting fields to the anticommuting fields (and vice versa) and the anticommutator of two such transformations closes on the generator of the (Euclidian) translations.
What is a non-trivial statement about how supersymmetry can be broken this way is that only the 1-point function of the noise field becomes non-zero under the change of variables; the 2-point function remains ultra-local. How anomalies might affect this was studied, in the mean field approximation, in ref. [5] .
Of course the same argument applies in the other direction: the fluctuations of a bosonic theory are consistently described by the dynamics of the fermionic superpartners. It's just that it's much easier, computationally, to work with commuting rather than anticommuting fields. So the important point is that supersymmetry, as discussed here, isn't a feature to be added by hand-it's a, well-hidden, property of known theories.
In the following sections we shall recall the relevant properties of the "minimal" d = 2 Wess-Zumino model, that's described by such a generalized Langevin equation and focus on its bosonic part and the noise fields. We shall study the case of the cubic superpotential, for which the holomorphic anomaly is, classically, absent, if the boundary conditions are chosen appropriately, since the cross term is, then, a total derivative; as well as the case of the quartic superpotential, for which holomorphic factorization, classically, breaks down, as well as more general cubic superpotentials, that lead to the same scalar potential. By computing the identities, satisfied by the noise field, however, we shall provide evidence that the holomorphic anomaly is, indeed, absent. This is the result of straightforward Monte Carlo simulations of the bosonic action. We discuss how boundary conditions can affect these statements. We end with our conclusions and ideas of directions of further inquiry, namely to gauge theories and to more than two spacetime dimensions.
The two-dimensional Wess-Zumino model
The action of the "minimal" d = 2 Wess-Zumino model, defined by the generalized Langevin equation, when the worldvolume is two-dimensional, describes a theory with N = 2 supersymmetry [2] . The classical action is given by the expression
This expression is, simply, the result of expanding the noise fields and what we wish to check is how their fluctuations are constrained by this fact.
There is a term, that we, apparently, could have omitted, were we working with worldvolumes, invariant only under translations (and were using periodic boundary conditions):
This would be a total derivative, were σ IJ A ∝ δ IJ , i.e. were the representation of the algebra, generated by the σ A matrices, one-dimensional; the worldvolume would then be invariant under an abelian isometry group. (It will, also, be a total derivative, for the linear terms in the superpotential.)
For worldvolumes that are invariant under non-abelian isometry groups, as is the case here, for the σ A , that generate an SU (2) algebra, this term isn't, manifestly, a total derivative. So, in general, we must keep it.
It is this term that relates the bosons to the fermions, in the bosonic action, through the appearance of the matrices σ A and might be considered a sort of spin-orbit coupling.
For one-dimensional worldvolumes this term is, manifestly, a total derivative (however, it can describe anomalies [6] in this way); for higher dimensional worldvolumes, that have richer isometry groups, more care is required, in order to understand its role for the dynamics, and one aim of this paper is to try and define computationally efficient strategies for describing its consequences.
So we would like to devise ways of testing, whether this term is, indeed, present, or is, in fact, cancelled by some mechanism.
There are two ways to resolve this issue: show that the contribution of this term is cancelled by the contribution of the fermionic determinant; or show that there are cases where this term is, in fact, a surface term, for dynamical reasons.
There are two cases, that look very similar, that illustrate the difference. For instance, if the equations that define the superpotential are given by the expressions
then a straightforward calculation shows that the crossterm is a sum of total derivatives:
without having to impose the Cauchy-Riemann equations on the scalars. It's interesting to note that the, seemingly, very similar equations
that do define a holomorphic function,
do not imply that the crossterm is a total derivative, unless the scalars satisfy the CauchyRiemann equations. Both superpotentials lead to the same scalar potential,
The question this fact raises, is, whether the two systems are, in fact, different, or not. What might distinguish them is the behavior of the noise fields.
That's what we shall focus on in the numerical study.
In both cases the scalars are massless.
Another example, where the cross term isn't a surface term, unless the scalars are holomorphic, too, is provided by the quartic superpotential,
(even when v 2 = 0) that is allowed, by power counting, in two (and three) spacetime dimensions, since the scalar potential is of sixth degree in the field. The corresponding scalar potential is given by the expression
This is, therefore, another test case for whether the holomorphic anomaly is, indeed, cancelled by the fluctuations. For this potential, when v 2 = 0, the crossterm is given by the expression
The fact that the prefactor isn't a constant is the obstruction to it being a total derivative; unless the fields are holomorphic functions of their arguments, i.e. massless. However, since, in two dimensions, continuous symmetries can't be spontaneously broken, it is expected that this term doesn't contribute in any event, since the expectation value of the prefactor does vanish. And, indeed, the lattice potential possesses a global minimum at the origin and local minima, that are never degenerate with it, but break the global symmetry, away from it. These can't survive, when fluctuations are taken into account. The details of the numerical study will be presented in forthcoming work. We present the 1-and 2-point functions for the noise fields, for the cubic superpotential, in figs. 1 In both cases we note that the global SO(2) symmetry is manifest, since
Details, including the case of the quartic superpotential, will be presented in forthcoming publications.
Conclusions
We have generalized the consistent description of the separation of dynamical and bath degrees of freedom by the Langevin equation to worldvolumes with non-abelian isometries. It is in this way that it's possible to describe the fluctuations in terms of fields, rather than particles. Imposing appropriate conditions on the coefficients of the worldvolume derivatives, namely that they generate a Clifford algebra, it's possible to describe target space fermions, that are related to the, commuting, dynamical degrees of freedom, by target space supersymmetry, that, once more, describes the consistent closure of the system. In this way it's possible to recover the results obtained by Parisi and Sourlas and generalize them; and show that the holomorphic anomaly, that appears at the classical level, is eliminated by the quantum fluctuations, that forbid the breaking of global continuous symmetries, in two dimensions.
The calculation of the fluctuations of the action of the bosonic part of the action, inevitably, takes into account the backreaction of the fermionic part; and vice versa. It is thus possible to generalize the approach, studied for one-dimensional worldvolumes in ref. [3] to worldvolumes that induce target space Lorentz invariance and supersymmetry.
It would, also, be interesting to understand the dynamics of multiplets that, apparently, don't contain any auxiliary fields (e.g. the (4,4,0) multiplet) [7, 8, 9] ) within the stochastic framework. This seems to imply studying multiplicative noise for the Langevin equation, that's, also, relevant for the stochastic dynamics of magnets [10] , where the formulation in curved space becomes necessary [11] .
